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Abstract 

We compute the holographic entanglement entropy in the gravity with higher curvature terms 
dual to d = 4 TV = 2 SCFTs in F-theory using the method proposed in larXiv:1011.5819l The 
log term of this entanglement entropy reproduces the ^-type anomaly of the dual SCFTs in F- 
theory using the gravity dual with the higher derivative term, which, using the field redefinition, 
can be transformed to the Gauss-Bonnet term in the subleading order of a derivative expansion. 
Our analysis shows that the 1 /N"^ correction for the central charges should be produced from the 
gravity including higher derivative terms up to curvature squared terms. To obtain consistent 
results, we discuss the holographic c-theorem. 
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1 Introduction 



The entanglement entropy is an important quantity for quantum field theories. The entanglement 
entropy is non- vanishing even at zero temperature and it is proportional to the degrees of freedom. 
Moreover, it can classify the topological phases described by the ground state of the FQHE or the 
Chern-Simons effective theory [Il[2l[3]. In the context of the AdS/CFT correspondence [HIS], the 
formula of holographic Entanglement entropy (holographic EE) [6] for CFTs has been proposed as 
the area of minimal surface 7_a which ends on the boundary of the region A as follows: 

Area(7A) , . 

where Gn is the Newton constant in the Einstein gravity. Here, 7a is required to be homologous to 
A. It has been shown [U [71 [U [U [10] that the log term of the entanglement entropy agrees with the 
computation in the gravity side. In [11], the topological entanglement entropy is clarified via the 
AdS/CFT correspondence. Moreover, it is shown |12] that using holographic EE, the correlation in 
the holographic system arises from the quantum entanglement rather than the classical correlation. 
The review of the holographic EE are given in |13j and in the review part of |14] . 

While the holographic EE of j6j can be used for the Einstein gravity with no higher derivative 
terms, it is shown |16 t 1171 [TBI I19ll20j that for the spherical surface of the boundary of A, the proposal 
for holographic EE ([1]) can be extended to certain higher curvature theories such as Gauss-Bonnet 
gravities. It is proposed that using the conformal mapping, EE across the spherical surface S"^ 
with the radius L can be related with the thermal entropy on M x with T = 1/[2ttL) and this 
thermal entropy is given by the black hole entropy in the gravity side. It is also shown that the log 
term of the holographic EE is then proportional to the j4-type anomaly. 

Thus, it is considered to be interesting to apply these results for higher derivative corrections 
in the holographic EE in some string models. An interesting model is the 5-dimensional curvature 
gravity instead of beginning with the 10-dimensional theory, where the curvature-squared terms 
arise from the D-branes |2H [22} [26l I27j . Here, the higher curvature terms correct also the cos- 
mological constant which should be determined to reproduce the central charges a and c of the 
4-dimensional theory. Using the holographic Weyl anomaly \21\ [22t 123] . these terms affect the 
two central charges a and c in the subleading order of N. Moreover, this curvature-squared terms 
appear in the context of perturbative expansion of the string theory and it is known that they can 
be modified by field redefinitions. 

A purpose of this paper is to compute the holographic EE and 74-type anomaly in the gravity 
dual to d = 4 A/" = 2 SCFTs in F-theory. Here, this gravity dual is described by the curvature 
gravity theory of above the string model. These SCFTs include the theory with G = D^^En,--- 
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flavor symmetries. Except for 1)4 all of them are isolated theories, i.e. their gauge couplings are 
frozen and a perturbative description is not available. There are previous works for holographic 
computation of the central charges in these SCFTs \28\ [29] in which they analyzed Chern-Simons 
terms in the dual string theory. Their result implies that the AdS/CFT correspondence can be 
applied even for the finite string coupling. On the other hand, the curvature term of our gravity 
theory makes the analysis difficult since for d = 5 these terms depend on the metric of the spacetime. 
According to [26], we choose the cosmological constant to reproduce the central charges a,c of the 
dual SCFT in the context of the holographic Weyl anomaly. As stated above, we can also transform 
the effective d = 5 curvature gravity obtained from the F-theory compactifications to the d = 5 
Gauss-Bonnet gravity in the subleading order of I'l/Lp' expansion using the field redefinition, which 
is important in the context of the holographic c-theorem. And we derive the holographic EE 
computing the black hole entropy. 

This paper is organized as follows: In section 2, we briefly review the Wald's entropy formula 
which is important for computing the black hole entropy in the presence of the higher curvature 
terms. In section 3, we review the construction of the Type IIB background after including the 
backreaction of the D3-branes at singularities in F-theory. In the beginning of section 4, we 
review the construction of the effective curvature gravity from F-theory. In subsection 4.1, we 
analyze what terms contribute to the central charges in SCFTs. In subsection 4.2, by using the 
holographic Weyl anomaly, we determine the parameters of the gravity to realize the central charges 
in the field theory side. In subsection 4.3, we generalize the argument in section 4 for the general 
SCFTs in F-theory. In section 5, we compute the holographic EE and the j4-type anomaly using 
the d = f) effective curvature gravity. We also consider the transformation of the effective d = 5 
curvature gravity to the d = 5 Gauss-Bonnet gravity using the field redefinition. 



2 Holographic EE as the Wald's entropy formula 

In this section, we briefly review the holographic EE formula in the presence of the higher curvature 
terms. It was conjectured |16[ [T7] that EE across the sphere S'^ with the radius L can be given by 
the black hole entropy in the gravity side and the contribution to the EE is then proportional to 
the coefficient of j4-type anomaly. This is since when we write the pure AdS by the topological BH 
with the horizon of radius L, there appear two hyperbolic spaces inside and outside the horizon, 
respectively. By the conformal mapping, the thermal entropy with temperature T = l/(27rL) in a 
hyperbolic space is shown to be equal to the EE across the sphere S'^ as follows: 

See = S thermal- (2) 
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Thus, the horizon entropy of the topological BH should be considered as EE of the dual theory using 
the AdS/CFT correspondence. Moreover, two hyperbolic spaces are considered as two separated 
space when we compute the entanglement entropy. 

We start with the general gravity theory in AdS with higher derivative terms as follows: 

5 = ^ y + Smatter, (3) 

where F{R^'^px) is constructed from the Riemann tensors and ^, ly, p,X = 0, 1, 2, 3, 4. The Einstein 
equation for ^ is given by 

i^(7'"^^)pA« - ^^^Y^9,. + 2V^V^F;^,, = 4T,,, (4) 

where F'^^^^^ = 5F{R'^I^ ^s) / ^R^'^''^ ^ round brackets describe the symmetrization, and is the 
covariant derivative. Note that the tensor F'^^^^ is antisymmetrized and symmetrized as seen in 
the Riemann tensor. To compute the holographic EE, we should choose the AdS^ topological black 
hole solution with its radius L where the terms including the covariant derivatives vanish since 
Riemann curvature of maximally symmetric space like AdS^ can be described by the metric (see 
appedix A): 

ds" = -[j2- + + smh2nd02), (5) 

where d^i^ represents the metric of 5"^ and the BH horizon is at /? = L. Then, the holographic EE 
of the topological black hole is given by extremizing Wald's entropy formula as follows: 

Sentropy = -27r / d^xVh e^^fpA- (6) 

Jhorizon p\ 

where e'^'^ is the binormal to the horizon satisfying e^j^e'^'^ = — 2 for ([5]). According to [15 1 116 1 [T71 ll8j. 
the integrand can be related with the A-type anomaly in the SCFT side as follows: 

a, = -^^L^^-e^^e,, . (7) 

oJrC^^ p\ horizon 

This 04 is also given by the a-function used in the context of the holographic c-theorem if it is 
evaluated at an AdS vacua. For the case of Einstein gravity F{R^^'^ p\) = i? — A, in addition, the 
74-type anomaly is given by 



«-2 



(8) 



We will use d?]) in section 4 to estimate the corrections for the A- type anomaly and in section 5, 
use for computing the ^-type anomaly for the N = 2 SCFT in F-theory. 
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3 The gravity dual to = 4 A/" = 2 SCFTs 

In this section, we review the construction of the Type IIB background dual to M = 2 SCFTs. 
It has been known that M = 2 SCFTs arise as world volume theories of D3-branes moving near 
7-branes, namely 3-branes in F-theory [30 1 13H [32 1 [33 l 134] . The simplest theory is the world volume 
theory of D3-branes in a Z2 orientifold and becomes a USp{2N) M = 2 gauge theory with an 
antisymmetric and four fundamental hypermultiplets in the low energy limit. Its gravity dual is 
the type IIB supergravity on an orientifold of AdS^ x [351 136] . 

For the gravity side, we consider the type IIB string theory on AdS^^, x with units of 
flux on X5 taking the near- horizon limit. The metric is as follows: 

ds'^ = ^{dx^ + dz'^) + L^ds\^, (9) 

where L = {^^g,/\Nf'Hs is the radius of AdSr, [37] satisfying L'^\o\{X^) = L^sVo^^^). Here, X5 
is the 5-sphere 

{|zip + |2;2|^ + ksP = consi}, (10) 
with the periodicity 27r/A along the phase (j) =arg(2;3) and the metric of X5 is given by 

ds\^ = de^ + sin^ + cos^ Qd^l, (11) 

where d^\ is the metric of S"^, < < 7r/2. At the singularity = 0, the metric becomes . It 
is known that the singularities are related with flavor groups of 7-branes, which are called G-type 
7-branes for the G-type singularity {G = Hq, Hi, H2, D4^, Eq, ..). This 7-brane then wraps whole 
AdS^ X S^. Indeed, the transverse direction Re{z3), Im{zs) operated by Z2 orbifold is the transverse 
direction of an 07-brane for A = 2. The number of 7-branes is related with the deficit angle A 
and is given by nj = 12(1 — 1/A). 

The gravity action dimensionally reduced to 5-dimension is given by 

1= [ d^x./^C = ^ / d^x^/^{R + 12/ + ...), (12) 
J 2k^ J 

where 2k^q = {2TTy gll^ and we defined 

1 _ L^Vo^Xs) 



2^5 2KfQ 



(13) 



Here, dots include the matter fields and the higher derivative corrections. To describe the gravity 
dual of the d = A N = 2 SCFT with fiavor, moreover, we should include the curvature-squared 
terms of 7-branes since these terms affect the ^-type anomaly as the 1/A^ correction (see appendix 
B). In next section, we start with the 5-dimensional effective curvature gravity from F-theory 
instead of considering Type IIB D-branes. 
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4 Effective curvature gravity dual with the orient ifold 



It has been known [261 [27] that if the central charges of the dual CFT satisfy 

c ~ a > 1 and |c - a|/c < 1, (14) 

the effective gravity theory is described by the curvature gravity with the higher curvature term 
coupled to a negative cosmological constant. Using the constants oi, 02 > and as, the effective 
curvature gravity is given by 




where — 12/L describes the cosmological constant. It is known that in the case of A/" = 2 SCFT 
dual to AdS^ x (5*^/^2, moreover, we can construct the effective curvature gravity theory from 
F-theory \21\ [28] , In this section, we review construction of this effective curvature gravity from 
the F-theory. And in subsection 4.1, we consider the generalization for the case of the curvature 
gravity on AdS^ x with general A. 

In order to obtain the higher derivative terms in the action of F-theory compactifications, we 
use a duality chain 

Heterotic SO{32)/T^ Type I/T^ ^ TypeIIB/rVZ2, (16) 

where we break the gauge symmetry of 50(32) into 5*0(8)^ in Heterotic string theory and Type I 
string theory by turning on Wilson lines. 

In the ten dimensional supergravity action of Heterotic string theory, the terms which include 
Riemann tensors up to the quadratic order is 

Snet = / dx'^y^e-'^" (i? + |i?M^LPi?^^^^^) , (17) 

where M, N,L,P = 1, 10. When one moves to Type I string theory, the duality relations are 

Then, the action (jl7p becomes 

Sj = I dx^o 77 (^e-'*'R + ^fe-f'RMNLpR'''''^''^ , (19) 

and we have 32 D9-branes and 1 09-plane. We also consider N coincident 5-branes wrapped 
on the torus T^. From such a configuration, one obtains USp{2N) gauge symmetry with a hy- 
permultiplet in the anti-symmetric representation on 5-branes. Besides we have 32 additional 
half-hypermultiplets in the 2N representation of USp{2N). 
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As for the second step, we take two T-duality along the torus. Then, we have 16 D7-branes 
and 4 0-planes which are separated into four groups. The difference of the number of D7-brane 
comes from the fact that the charges on both sides are related as /x^ = ^fi^^^ ■ Each group locate 
at the four fixed points of T^/Z2. We consider the case where is large and focus on one fixed 
point. Other fields related to other fixed points are very massive and can be integrated out in the 
low energy field theory. Furthermore, 5-branes become N 3-branes after the two T-dualities 
along T^. Hence, the low energy field theory is described by A/" = 2 USp{2N) gauge theory 
with four fundamental hypermultiplets and an additional hypermultiplet in the anti-symmetric 
representation. The duality relations between Type I and Type IIB string theory are 

V,e-"^' = VnBe-"^"', Rj = ^, (20) 

where L is the radius of the torus in Type IIB theory and Vi and Vn are the volume of the 
torus in Type I and Type IIB theory, respectively. The action of Type IIB string theory becomes 

Sub = J^I ^x-V?^e-^-i? + / d«.7?^|e-^-i?M..pi?— . 

(21) 

Note that the second term in ()2ip is proportional to e~^"^ and the world volume is eight dimension. 
Hence, this term originates from the D7-brane and 07-plane. We also take into account the 
difference between the charge of D9-branes in Type I string theory and the charge of D9-branes 
in Type IIB string theory fig = '^f^-i^^ ■ Since we will focus on the one of the four fixed points in 
T^/Z2, we further multiply a factor ^ = 5 to the second term in (f2T]) 

(22) 

By the dimensional reduction of the 5-dimensional and 3-dimensional internal directions, (I22p 
reduces following effective five dimensional action plus cosmological constant —12/L? which can 
have the AdS^ vacua as the solution: 

Sub = "^"°'^^r)v!r^'"' / dx^^{R + ^) (23) 



+ 



li^iJ^llJ S>^^e-'^"-RMNLpR' 



Note that the higher derivative terms also correct the cosmological constant. As pointed out 
in [2111381 [39] . the cosmological constant —Yljl?^ which is different from — 12/L^ via 1/A correction, 
is determined later for the gravity dual to M = 2 U Sp{2N) gauge theory and also depends on the 
field redefinition. 
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Note that ^ = voliT"^ /Z2) / L"^ and we can formally write the second term with a coefficient 
t;o/(X5^A=2)- Hence this factor can be factored out and the action (j24p becomes 

where we used the relation L = {ingsANy^'^ls with A = 2. 

Thus, the coefficient 03 = L'^/{1QN) for the gravity dual on AdS^ x /Z2 is determined using 
the duality chain ([T6]). 



4.1 Power counting 

So far, we have only focused on the two terms, namely the Einstein-Hilbert action in the bulk and the 
quadratic term of the Riemann tensor on 7-branes. Let us see which terms will contribute to the A- 
type anomaly from the entanglement entropy. For simplicity, we call R as either Rmnkl, Rain, R- 
Since the A-type anomaly depends on the parameters A^, A and 77,7, we will focus on the N, A and 
Hf dependence in the action. In general, we have the terms 

I ^if^-'^R'^ + ^^I^^ j d\ ^lfR\ (25) 



The first term of (j25p is the one in the bulk action and the second term of ()25p is the one in the 
7-brane action. Hence, the second term is proportional to the number of 7-branes. Remember that 
supersymmetry protects string loop corrections up to the lowest order of the DBI terms and then 
the second term only depending on e~'^"^ arises from 7-branes |40j . By the dimensional reduction 
on X5, (|25]) becomes 



j d'x ^/T^R^ + '^Zik^ j d'x ^/7^R\ (26) 



The factor appears from the dimensional reduction of vol{X^) oc ^. By applying the Wald 
formula ([7]) for the entanglement entropy and the ^-type anomaly, the ^-type anomaly is roughly 
expressed as 



-2k 



lio~2k^ + is-2k ■ (27) 



I'S 



The first term originates from the term in the bulk action and the second term originates from the 
term in the 7-brane action. Because of the relation L cx N^, 0{N'^) contribution only comes from 
the k = 1 term in the bulk action, namely the Einstein-Hilbert term. The 0{N) can come from the 
k = 2> terms in the bulk action and k = 2 term in the 7-brane action. However, there are no /c = 3 
terms in the five dimensional action since higher derivative correction for the Type HB theory starts 
with 0{R'^) |501 151] . Here, /c = 3 term may be generated in terms of the dimensional reduction 
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of A: = 4 term. However, it has the role of A; = 4 term since the dimensional reduction does not 
change the result. In the dual SCFT side, moreover, the coefficient of k = 3 term corresponding to 
the three point function of the stress tensor, which would vanish for any SCFTs [52]. Hence 0{N) 
contribution only comes from the k = 2 term in the 7-brane action. Therefore, the first term in (j2ip 
will generate a 0{N^) contribution to the A- type anomaly and the second term in (j2ip will make a 
0{N) contribution. From the general expression of (j27p and concentrating only on the {N'^) term 
and the 0{N) in the A- type anomaly, we can also determine the A^, A and n-j dependence of the 
^-type anomaly. The ^-type anomaly should behave as 



where ai and a2 are numerical coefficients. 

Finally, it is interesting to investigate the l/N"^ correction. Since the bulk term is not allowed 
for any SCFTs and since the more higher derivative terms seem not to contribute the central charges, 
the I/N"^ correction should be included in the gravity theory with curvature squared terms. In other 
words, this correction can be included not in more higher derivative terms but in coefficients of the 
gravity theory such as the cosmological constant. 

4.2 Determination of 

Next, we determine the cosmological constant —Yljl? by comparing the central charges o, c in 
SCFT side with that in the holographic Weyl anomaly [211 [22| I23j . This method includes the 
review of [241 [25] up to the scaling transformation of the coefficients of the gravity theory. In 
the field theory side, we can identify a, c-charges from the coefficients of the trace anomaly in 
4-dimension as follows: 



Irpa \ ^ /- p nabcd nj) nab , rj2 /q\ ^ f jy nabcd at) nab , r>2\ /'oo^ 



where a,b = 0, ..,3 and Rabcd is the 4-dimensional Riemann tensor. This coefficients a and c can 
be derived using holographic Weyl anomaly formula. We start with the curvature gravity ()15p . We 
first derive the AdS vacua for (jl5p by solving the EOM. In the EOM for the action (jl5p . the terms 
including the covariant derivatives vanish in the critical points describing AdS^. Leaving ai, 02, 
and 03, the EOM becomes 



(28) 



+2aiRR^i, + 2a2R^aRi/'^ + '^cRi^^a/s-yRi/'^^^ + Rfif = 0. 



(30) 



Substituting the formula in the appendix A, (|30p is rewritten as 



1/4 - 12Z2/2 + (80ai + 16a2 + 803)^2 = 0. 



(31) 
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Substituting 03 = L'^/16N, 02 = oi = into above the equation, ([?T|) is solved by 



1 + W 1 - ^(20ai + 4a2 + 203) 
/2 = l2 V ^ , (32) 



2 V V 6iVL2 
where I is the AdS radius in an AdS vacua obtained from (j30| 
According to [22] and using p3|) . a, c-charges are given by 



«-2 

'^5 



(l-4a3A^), (34) 



c=^(l + 4a3A2). 

It can be shown that these central charges are invariant under the scaling transformation of the 
metric g^,y — )• e^^'g^^y. Under this scaling transformation, the coefficients in the action (jlSp are 
transformed 3", L ^ Le I ^ le and Oj — > Oje . Thus, central charges a, c are 

invariant under above scaling transformation. For later purpose, we leave this dependence of e*^ in 
the coefficient of parameters. 

To recover the central charges in the field theory side [29] with A = 2 

°=— + W^-24' == — + 12' <'^) 

we should solve the simultaneous equations (j34p . / and 03 are then given by 



161 \N 6N'^J' 

The radius L is determined by solving p3|) and including the factor e~" as follows: 



-:2 _ Al^NiUmi^-6L^)e-^'^ 
^ ~ {L^-24NPy ' 

where we used I in (|36p . To recover 03 = L'^ /16N obtained from F-theory, moreover, we should set 

e-^" = , \ , • (39) 
L( 1 I 



6iV/ 

It is concluded that the Taylor-series of L and / in terms of are given by 

17 £ 

UN ^ 9A^2 



^' = ^' + ^ + iwi^O(N-'), (40) 
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4.3 General cases 

For general cases with the gravity dual on AdS^ x X5, moreover, the coefficient 03 should be 
determined using the normalization of 03 = L^/(16A^) for A = 2 since the origin of this squared 
curvature term is 7-brane in the Type IIB theory [29] as follows: 

= — m — • 

This coefficient has the information of the number of 7-branes rij = 12(1 — 1/A). This formula is 
also obtained in [26] requiring that the difference of two central charges a — c in the field theory 
side is reproduced using the effective curvature gravity. 

For the gravity dual on AdS^ x X5, thus, we should substitute oi = 0, 02 = 0, and 03 = 
(1 — 1/A)L^/8A^ into (|15p and the effective curvature gravity action becomes 

'2 



(43) 



^5 

where L can be determined by using the method in previous section and by using (j35p . In terms 
of the 1/A^ expansion, the AdS radius I and L are given by 

, , L2 (15A2 - 29A + 15) (6A2 - llA + 6) , 

^ = ^ + ^ 7-. r-^ + ^ o + O (N^^) , 44 

6iV(A-l)A ^ 36iV2(A-l)2A ^ ^ ^ ' 

~, , L2 (31A2 - 60A + 31) L2 (llA^ - 18A3 + 18A2 - 18A + 11) , ^, 

= L^ + ^ — ^ + ^ ^ ^ + O iV-3) . 45 

12iV(A-l)A 144Af2(A- 1)2a2 \ J k J 

5 Computation of the A-type anomaly from the entanglement en- 
tropy 

In this section, we compute the holographic EE for d = 4 M = 2 SCFT with its gravity dual using 
holographic EE formula. 

We first consider 0{N'^) part of the anomaly. Since the curvature correction and 1/A^ correction 
do not contribute the central charge of this order, we can ignore the 1/A^ corrections for L, K5, 03 
and the curvature corrections (03 = 0). Thus, central charges a equals c since we consider only 
Einstein-Hilbert term (fT2]) . 

An useful metric of AdS^ is a hyperbolic foliation of AdS^ and is given by dS]). The horizon 
entropy can be calculated using Wald's entropy 

5 = -2vr / d'^-'^Vh^^e'^-^e,,, (46) 

J horizon trn p\ 
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where Cat denotes the binomial to the horizon. Using the wedge product, the binormal is represented 
by dr A dp. The integrand for the action (fT2]) can be rewritten as 



pX 



AdS K 



(47) 



2 
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where we substituted the only non-zero component of the binormal etp = 1 or the relation e^^e^'^ 
—2. Thus, using the relation proven in [16l [T7] 



dC 



pX 



-e^'^px 



(48) 



AdS vr^L^' 

the central charge a^^\ namely the 0{N'^) contribution for the j4-type anomaly is computed as 
follows: 

af = fjl^ = M!, (49) 

This central charge correctly reproduces the A-anomaly of dual N = 2 SCFT. Remember that (I49p 
agrees with the central charges using the GKP-W relation [S]. 

5.1 1/N correction of A-type anomaly 



For the action (|43p . the horizon entropy becomes 



5^ = ^(l-4a3^) id'^-^x.JW^) 



"5 ' <h 

'2 



(50) 



"5 

where in the last equality, we used I = r^. 

According to (j48p . the A-type anomaly is computed as follows: 

7r2/3, (1-1/A)L^ ^ AiV^ , (A-l)jV 1 
^' = -r[^- 2NP J = ^ + ^ 24' 



where we used (I13p and (I49p . The central charge ()5ip is the same as the holographic Weyl anomaly 
(|34p . It is concluded that central charge (j5ip agrees with the A- type anomaly in the CFT side. 

Then, we consider the field redefinition of the curvature theory (j43p to avoid the graviton ghost in 
the subleading order of ll/L"^ expansion. As pointed out in [T7], the linearized gravition equation of 
()43p is not second order but is 4-th order. So, there appear gravition ghosts for 4th order equations, 
which lead to the non-unitary operator in the dual SCFTs. Using the field redefinition I27| . 
however, we show that in the subleading order of Ig/L'^ expansion, we can transform the curvature 
gravity (j43p to the Gauss-Bonnet gravity, which has second order linearized graviton equations and 
preserves unitarity. We transform the metric as 

9pu Qpv + hgpuR + hRpu, (52) 
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where bi = -{1- 1/A)L'^/12N and 62 = (1 - 1/A)L'^/2N. Then, the gravity action dS]) can be 
transformed to 



(53) 



where = 1 + (1 - 1/A)/(27V) and dots describe the terms of 0{R^) and terms of 0(iV"2) 
corrections. 

Using (pOj) , the ^(i5 radius of the AdS solution obtained from ([53]) is given by 



1 + J 1 - ^(20ai + 4a2 + 203) 
I' = , (54) 

4(1. /^^.0(.-,). (55) 



For the action (153p . the horizon entropjl^ becomes 



S^ = ^ 1-I2a3/?-) (f^d'^-'xy^) 



27r / 3(1 - l/A)/3\ 



kIP V 2Af 7 

where in the last equality, we used L = r/j of the leading order of N. 
According to (148p . the ^-type anomaly is computed as follows: 

n'Pf 3(l-l/A)/3 ^ AjV^ ^ (A - l)iV , 

where we used (jl3p and (j49p . Since (|57p is the same form as (j34p . this central charge is invariant 

under the scaling transformation g^,y — t- e^°'g^y . Central charge ()57p agrees with the A- type anomaly 

in the CFT side up to order N (f35|) . 

Lastly, we discuss the holographic c-theorem proposed in [17] H9] , where the usual c-theorem in 

quantum field theories |44] HS] H6l ITT] HH] states that central charges decrease in the IR. To describe 

the holographic c-theorem, the bulk matter should satisfy two conditions, namely, the null energy 

condition -(T/ - T^) > and cr' > where 

16ai + 5a2 + 4a3 , 
a - — K , (5»j 

where R' is the derivative of the Ricci scalar along the AdS radial direction. Here, we used the 
convention of the metric in [l9] . The Gauss-Bonnet gravity ()53p clearly satisfies the second condi- 
tion. So, it is concluded that if we set the coefficients of the curvature square terms properly using 
the field-redefinition, we may only consider the bulk null energy condition — (T/ — T/') > to be 
consistent with the holographic c-theorem. 



■^In the context of Kerr/CFT correspondence [42], the Wald's entropy of a d = 5 rotating black hole in the presence 
of Gauss-Bonnet terms coincides with the Cardy's formula [43j . 
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6 Discussion 



In this paper, we computed the holographic EE in the effective curvature gravity dual to the M = 2 
SCFTs in the F-theory using the Wald's entropy [T7] and confirmed that it is consistent with the 
proposal in [TTj. We realized the ^-type anomaly including the corrections in the SOFT side 

from the log term of the holographic EE not using the Gauss-Bonnet type but using the general 
curvature squared gravity, where it was also discussed in |241 125]. Here, the curvature term of this 
theory can be transformed into the Gauss-Bonnet term (j53p in the subleading order of ll/L"^ ex- 
pansion. Our new analysis in section 4.1 also shows that the l/N"^ correction is included not in the 
higher derivative terms of 0{R^) but in the gravity theory with general curvature squared terms. 
While the A-type anomaly can be computed by using the a-maximalization in supersymmetric the- 
ories, the analysis of this paper gives the interesting method to compute the entanglement entropy 
and the A-type anomaly. Precisely, we chose the cosmological constant — 12/L^ to reproduce the 
Weyl anomaly in the dual SCFTs using the holography since this cosmological constant has not 
been determined from the 10-dimensional theory yet. 

In appendix B, we considered the 1/A^ correction from the higher derivative term of the probe 
D/^-type 7-brane, where we can take the — ^ limit. This 1/A^ correction in our approximation 
agreed with the result in the GET side up to a factor 15/16. We leave the similar analysis for more 
complicated cases G = Eq,Ej, .. with a constant coupling. 

To obtain consistent results, we also discussed a holographic c-theorem [17^ I49j. Using the field 
redefinition properly, we showed that the Gauss-Bonnet gravity (jSSh satisfies the null energy con- 
dition in the subleading order of the Ig/L'^ expansion. This means that using the field redefinition, 
a theory with non-trivial a (I43p may be equal to the Gauss-Bonnet gravity with cr = (153p of 
the finite order of A^Ifl See also [53^ l54] for the paper discussing the holographic c-theorem in the 
context of double trace deformation. 

Acknowledgments: We would like to thank A. Buchel, C. Hoyos, M. Kaminski, A. Karch, T. 
Nishioka, N. Ogawa, H. Ooguri, S. Sugimoto, Y. Tachikawa and T. Takayanagi for discussions and 
comments. I would like to thank H. Hayashi and T. S. Tai for collaboration in the initial stage of 
this project and for helpful discussions. ME is supported by the postdoctoral fellowship program 
of the Japan Society for the Promotion of Science (JSPS), and partly by JSPS Grant-in- Aid for 
JSPS Fellows No. 22-1028. 

^ Note that as another direction, the action (|53l) is the Gauss-Bonnet action and we can apply the holographic 
EE on the AdSs soliton |51) using the action (|53|l . We then notice an instability of the holographic EE for > 0. 
However, a mechanism of the supersymmetry seems to work for our theory for M = 1 SCFTs and we do not mind 
this instability. 
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A AdSd+i spacetime 

In this appendix, we review the Riemann tensor, Ricci tensor, and Ricci scalar of the maximally 
symmetric anti-de Sitter space. The Einstein-Hilbert Lagrangian is 

C = ^/^{R-2A). (59) 
The solutions we are looking for are called maximally symmetric and satisfy the conditions 

RxfiKu = —j^iaxKOfif - 9Xu9Kfi), Rfj.u = —j2 9i^i^^ (60) 

R = ^2 — ' (61) 

where = —d{d — 1)/2A. Remind that A < for the anti-de Sitter space. 



B Correction from 7-branes 

To compute 0{N) contributions for the A- type anomaly, we can consider the higher derivative 
corrections on the 7-branes in AdS^ x for A = 2 instead of the 5-dimensional effective curvature 
action. For this L'4-type 7-brane, we can take the limit 5^ — ^ to suppress the quantum correction 
while it keeps the 't Hooft coupling QgN fixed. In the present case, there are no backreactions of 
the 7-brane because of the tadpole cancellation between D7-branes and 07-brane. In this section, 
we show that the higher derivative term on the 7-brane at the singularity can reproduce the 0{N) 
correction for the ^-type anomaly of the SOFT dual to AdS^ x 8^/1^2 up to a factor of 15/16. 
Relevant curvature corrections |41] are given by 

('47r2/2^2 ^ „ „ „ 

S = -njTj J d^Ce-^^/^G^{l - J^^iRaP^sR''^"'^ - 2RapR"^ - Raba^R^''^^ + 2RabR''') 

+0{lt)), (62) 

where a, /3 are the tangent space indices and a, b are the normal space indices. Here, i?Q^, Rat and 
R are obtained only by contracting tangent indices. The above formula is only valid for geodesic 
embeddings of the world-volume and is enough for our case. 

After the dimensional reduction for S"^, the first two terms of the higher curvature terms con- 
tribute to the action The coefficient of R^^^pxR^'^P^ becomes 



Here, we ignored the mixed components of the curvature term. 
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where we used the equation nj = 6. And the reduced action couples with the gravity action 
as follows: 

^ = 2^ / '^'^^(^ + ll + it^ {^^■^P>^^"''' - ) ' (64) 

Remember that this coefficient 03 also agrees with the relative coefficient used in |2H [28l [29] . To 
solve the EOM, we should include the contribution for the higher derivative correction on the 
7-branes to include the subleading corrections. And we obtain the different AdS vacua with the 
different AdS radius / since this term is the subleading order in terms of N. 

It will be interesting to perform the field-redefinition of above the gravity as follows: 

9fj.u Ofiu + ciR^y - —g^j^vR., (65) 

where ci = —Lp'/SN. Then, we obtain the following gravity theory up to the subleading order of 
1/A^: 

^ U'>x^{R+^ + -^R^,,^R^'''f\.), (66) 



2^17 J V ^2 iQjsi 

where 7 = (1 + 1/2A^)~^. Note that this gravity theory has the same form as the effective curvature 
gravity (|43p up to the field redefinition. 

Substituting = L^/16N, 02 = 0, ai = into the Ward's formula (I50p . the contribution of 
the anomalies from this worldvolume action becomes 

<' = ^ + ^ + °«- (^^' 

Thus, the 0{N) contribution agrees with the field theory result by the factor 15/16. 
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